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We expand the blob theory for freely-jointed chains and perform molecular dynamics simulations to study
the behavior of polymers confined in cylindrical channels. From weak to strong confinement, five scaling
regimes, de Gennes, extended de Gennes, transition, backfolding, and Odijk regimes, are distinguished for
neutral polymers. The size scalings in each regime are derived as a function of the channel width. The
scaling exponents −1 and −1/3 are obtained for the transition and backfolding regimes, respectively, which
result from the reduction of the excluded volume of the segments by restriction of the segment’s orientation
in the narrowed channels. For charged flexible chains, the de Gennes regime is split into Flory-de Gennes
and electro-de Gennes regimes owing to strong Coulomb repulsion in electrostatic blobs. Nonetheless, the
extended de Gennes and transition regimes are shrunken. The study of the fluctuations of the chain size
shows consistent scaling demarcations for both the neutral and charged chain systems.
When a polymer is confined in a channel, the varia-
tional behavior of chain size can be separated into differ-
ent regimes, depending on the confinement1–3. In weak
confinement, the de Gennes regime has been validly ex-
plained by the blob theory over the years4,5 while in ex-
tremely strong confinement, the deflection chain theory
has been used to understand the Odijk regime6,7. What
we know less well is the behavior in strong confinement.
Several regimes have been claimed and theories are still
under development or debate. For example, a chain can
partially fold back when it leaves the Odijk regime by
reducing the confinement. This is called the backfolding
regime and Odijk has proposed a one-dimensional Flory-
type theory to explain it8. Dai et al.9 later suggested an
alternative theory using a two-state cooperativity model
of deflection segments and S-loops to predict its behavior.
Recent study10 using Monte Carlo chain growth showed
strong evidence in support of the previous theory. There
was a debate for the existence of a regime, called the ex-
tended de Gennes regime, which is next to the de Gennes
regime and shares a similar size scaling behavior. Now
the existence of the regime is broadly accepted11–13. Be-
tween these two regimes, a “transition” regime exhibits
with a scaling exponent of −1, varying with the confine-
ment width14. Currently, no theory can well explain it2,3.
In this letter, we propose a simple, generalized scaling
theory to describe the behavior of chain size, particu-
larly in the region of strong confinement. The theory is
further verified by performing molecular dynamics sim-
ulations for neutral chains as well as for charged chains
(polyelectrolytes). The presence of electrostatic interac-
tions and ions significantly changes the scaling behavior.
The divisions of regime are thus modified for charged
chain systems.
We consider a polymer as a freely-jointed chain com-
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prising N self-avoided segments. Each segment is of
length ` and width w. In dilute solutions, the scal-
ing theory subdivides the chain into connected thermal
blobs5,15. Each blob envelopes gT consecutive segments
and pervades a spherical space of size ξT. By defini-
tion, the excluded-volume interaction energy of a ther-
mal blob is equal to the thermal energy kBT . Inside
the blobs exhibits ideal chain behavior, described by
ξT ∼ `g1/2T where gT ∼ (`/w)2. The whole chain size
is hence R0 ∼ ξT(N/gT)ν , which can be derived to be
R0 ∼ `2−2νw2ν−1Nν with ν being the Flory exponent.
The polymer is now confined in a cylindrical channel
of diameter D. We discuss the variation of the chain
size by decreasing D. The confinement stars to influ-
ence the chain size when D is smaller than D∗1 ∼ R0.
The chain is envisioned to break into a series of blobs of
size ξc ∼ D, aligned along the channel, with the seg-
ments in the blobs behaving as the Flory chains. It
can be shown that the number of segments in a blob
is gc ∼ `2−2/νw1/ν−2D1/ν and the chain has a size of
R1 ∼ (N/gc)ξc ∼ N`2/ν−2w2−1/νD1−1/ν . This is the
famous de Gennes result4,5,15, which predicts a D−2/3
scaling if ν takes the value 3/5. As D decreases, gc de-
creases and can be eventually smaller than gT. It thus
sets a lower boundary D∗2 ∼ `2/w for the “de Gennes
regime”.
When D < D∗2 , the blobs become the thermal blobs
and are compressed to be ellipsoidal. Let ξc‖ and ξc⊥ be
the longitudinal and the transverse size of a compressed
thermal blob, respectively. The confinement imposes the
condition ξc⊥ ∼ D and we set the following three scaling
equations:
ξc‖ ∼ C‖`g1/2c (1)
ξc⊥ ∼ C⊥`g1/2c (2)
kBT
vexg
2
c
ξc‖ξ2c⊥
∼ kBT (3)
The first two equations describe the random-walk behav-
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2ior of the chain segments in a blob. C‖ and C⊥ are func-
tions of D, ` and w, which are introduced to describe
the anisotropy of the walk in the confined space. The
third equation equates the excluded-volume energy in a
blob to the thermal energy where vex is the effective ex-
cluded volume of a segment. For large D, vex takes the
bulk value `2w. When D < `, the rotation of a segment
is restricted by the channel wall. vex thus decreases and
can be written as `2w〈sinφ〉 where φ is the angle between
two segments. If φ is small, 〈sinφ〉 ∼ D/` and vex scales
as `wD. The chain size derived from the three equations
gives R ∼ (N/gc)ξc‖ ∼ N`2D−1C‖C⊥, subject to the
constraint C‖C3⊥ ∼ vexD/`4.
In this compressed thermal blob region, researchers
have found two scaling behaviors2,3. The “extended
de Gennes regime” predicts the chain size as R2 ∼
N`4/3w1/3D−2/3, using vex ∼ `2w. We found that the
C’s functions have C‖ ∼ D0 and C⊥ ∼ (wD/`2)1/3.
Simulations further showed the existence of a D−1 scal-
ing behavior, called “the transition regime”. It hap-
pens when D < D∗3 ∼ ` and we understood it as
a result of the crossover of the excluded volume from
`2w to `wD. We obtained C‖ ∼ `3/2w1/2D−1/2v−1/2ex ,
C⊥ ∼ `−11/6w−1/6D1/2v1/2ex , and R3 ∼ N`5/3w1/3D−1.
The expressions of R2 and R3 are in agreement with
the simulations of Muralidhar et al.16. In Fig. 4 of the
work, the chain extension 〈X〉 over the contour length L
was seen to scale as (D/`)x(w/`)1/3 with the exponent
x changing approximately from −2/3 in the extended de
Gennes regime to −1 in the transition regime.
If D decreases further more and has passed the tran-
sition regime, vex becomes `wD and we have C‖ ∼
(`/w)1/2, C⊥ ∼ `−7/6w1/2D2/3 and R4 ∼ N`4/3D−1/3.
It predicts a new D−1/3-scaling regime, which corre-
sponds to the “backfolding regime” proposed recently by
Odijk8,9,16. The boundary with the transition regime is
estimated at D = D∗4 ∼
√
`w.
For the extreme situation where the chain cannot fold
back in a very narrowed channel, Odijk has formulated a
deflection chain theory, using the wormlike chain model,
to describe the chain size6,7. The result is R5 ∼ N`[1 −
A(D/`p)
2/3] where `p is the persistence length and A
is a factor. The regime boundary occurs at D∗5 ∼ `p.
The complete scaling behaviors for the chain size R are
summarized in Fig. 1 as a function of the confinement
width D.
To verify the theory, Langevin dynamics simulations
were performed to study single polymers confined in
cylindrical channels, using bead-spring chain models. We
first investigated neutral chain (NC) systems. Each
monomer has mass m and the excluded volume inter-
action was modeled by the Weeks-Chandler-Andersen
(WCA) potential with the parameters εm = 1.2kBT and
σm = 1σ where kBT , σ, and m are the energy, length, and
mass units of simulation, respectively. To shorten the no-
tations, we will describe the physical quantities by omit-
ting these units in the following text. The monomers were
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FIG. 1. Scaling behavior of chain size R as a function of chan-
nel width D (plotted in log-log scales). The regime bound-
aries locate at D∗1 ∼ R0, D∗2 ∼ `2/w, D∗3 ∼ `, D∗4 ∼
√
`w, and
D∗5 ∼ `p.
bonded by a harmonic potential ub(r) =
1
2kb(r − b0)2
with kb = 600.0 and b0 = 1.0. The chain stiffness
was modeled by ua(θ) = ka(1 − cos(θ − pi)) where θ is
the angle between two adjacent bonds. We simulated
a semi-flexible chain with ka = 3.5 and the number of
monomers Nm = 256. We denote the chain ‘NC1’. The
end-to-end distance of chain is Re = 42.6(8) in bulk so-
lutions. The persistence length is `p = 3.1(6), which is
close to the theoretical estimate b0ka/(kBT ) = 3.5. The
model corresponds statistically to a Kuhn chain15 with
` = 2`p ' 6.2, w ' σm = 1, and N = Nmb0/`. We
confined the chain in a cylindrical channel of diameter
Dw. The monomer-wall interaction was modeled by a
purely repulsive potential uw(r) = εw[
2
15 (
σw
r )
9 − (σwr )3]
with εw = 15 and σw = (σm + σ)/2, cut off at the min-
imum point rc =
6
√
2/5σw. The above setting gives an
effective channel width equal to D = Dw − 1. We varied
the confinement from a large, quasi non-confined space,
down to a strongly confined one. The results were fur-
ther compared with two flexible chains (ka = 0) of the
same contour length: the NC2 chain with σm = b0 = 3.1
and Nm = 83, and the NC3 chain with σm = b0 = 1.0
and Nm = 256. These two cases have `p ' w. More
information can be found in Supplemental Material.
Fig. 2(a) shows the variation of the chain extension
Zext along the channel axis. We saw that Zext is about
constant when D is larger than R0. As D decreases to
D∗1 ' 40, the extension starts to climb. The chain en-
ters the de Gennes regime, and approximately scales as
D−2/3. Since the extended de Gennes regime shows a
similar scaling behavior, we cannot simply determine the
boundary with the de Gennes regime from the size vari-
ation.
For NC1, the extension curve shows the transition be-
havior (D−1-scaling) in the region 6 < D < 11. When
D < 6, the scaling exponent decreases and changes grad-
ually to −1/3. The chain then enters the Odijk regime
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FIG. 2. (a) Chain extension Zext and (b) probability PF of
bond folding in the axial direction, as a function of D for NC1,
NC2, and NC3 chains. The scaling behaviors for NC1 chain
have been indicated in dashed lines in Panel (a). NC2 and
NC3 chains have their own scalings and regimes (not indicated
in the figure).
as D < D∗5 ∼ `p ∼ 3. These boundaries agree with the
predictions within prefactors which were ignored in the
scaling derivations. To show that the D−1/3 scaling cor-
responds to the backfolding regime, we have calculated
in Fig. 2(b) the probability PF of bond folding in the
axial direction. PF is zero in the Odijk regime because
the chain is unfolded. It becomes non-zero when D > 3,
showing the occurrence of the chain backfold.
For NC2 and NC3 chains, we have w ∼ `. It im-
plies D∗3 ∼ D∗4 , which consequently shrinks the transi-
tion regime. The chains now go from the de Gennes
regime, directly through the backfolding regime, to the
Odijk regime17. Compared with the NC1 chain, these
regimes occur at different places and the probability PF
acquires a higher value because of the lack of the bending
energy. The effect of finite chain length has been verified
in Fig. S1. The weak effect asserts that the scalings re-
ported here have reached their asymptotic behavior.
We then simulated polyelectrolyte (PE). The settings
are similar to the NC3 case except each monomer car-
ries a negative unit charge −e. Nm monovalent cations
were dissociated from the PE chain because of the elec-
troneutrality. A certain amount of monovalent salts were
added into the solutions. The ionic strength of solution,
I = 12
∑
i z
2
i ci, was kept at constant, where zi and ci
are the valence and the concentration of the ion species
i, respectively. We assumed that an ion bead has mass
m and the WCA parameters (εi, σi) = (1.2, 1.0). The
electrostatic interaction under periodic boundary condi-
tion was calculated using particle-particle particle-mesh
Ewald with the Bjerrum length λB setting to 3.0. We
studied the confinement of flexible PE chains at three
ionic strengths: I1 = 0.00004, I2 = 0.0004 and I3 =
0.004, which correspond to 5 mM, 50 mM, and 0.5 M, re-
spectively, in real units and cover from low to high ionic
strength. The systems are denoted by PEfl-I1, PEfl-I2,
and PEfl-I3. The results, shown in Fig. 3(a), were further
compared with the semiflexible PE chain of ka = 3.5 at
I = I1, denoted by PEsf-I1, and the neutral chain NC3.
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FIG. 3. (a) Chain extension Zext and (b) probability PF of
bond folding in the axial direction, as a function of D for PEfl-
I1, PEfl-I2, PEfl-I3, PEsf-I1, and NC3 chains. The scaling
behaviors for PEfl-I1 chain have been indicated in dashed
lines in Panel (a). Other chains have their own scalings and
regimes (not indicated in the figure).
The behavior of Zext can be divided into de Gennes,
backfolding and Odijk regimes. Noticeably, the de
Gennes regime is subdivided into two regimes, namely
Flory-de Gennes regime and electro-de Gennes regime.
When D decreases from the bulk regime, the confor-
mation of the PE chain is a connected Flory blobs. It
acquires the classical de Gennes behavior with Zext ∼
D−0.67. If D becomes smaller than the Debye length λD,
the electrostatic interaction dominates the blobs (called
the electrostatic blobs). The subchains in the blobs are
rodlike and the exponent ν is close to 1. A D0-scaling
behavior is anticipated. We found a real D−0.12 varia-
tion for PEfl-I1 from the simulations. It gives ν ' 0.89
according to the de Gennes relation D1−1/ν . The bound-
ary separating the Flory- and electro-de Gennes regimes
locates at D∗ef ∼ 100, 35, 10 for PEfl at I1, I2, I3, respec-
tively. These boundary shifts follow essentially I−1/2, a
fact asserting D∗ef ∼ λD.
In the region 3 < D < 7 ∼ 2λB, the chain extension
exhibits a D−0.3-power law, no matter what the ionic
strength is. This confined space goes inside the region
of ion condensation, generally described by a tube region
of radius λB, surrounding the PE chain
18,19. Inside it,
the ionic screening does not function any more. Conse-
quently, the Zext curves collapse together for different I
values. The calculation in Fig. 3(b) shows that nonzero
PF occurred as D > 3. It enables to relate this region to
the backfolding regime. For D < 3, the chains is in the
Odijk regime.
Compared with the semiflexible chains, we observed a
broader Odijk regime for PEsf-I1. Unlike NC1, there ex-
hibits no transition regime. It is because the electrostatic
interaction dominates the chain stiffness in this case. The
4high ionic strength behavior (PEfl-I3) looks similar to the
NC3 chain except the characteristics of broader Odijk
and backfolding regimes, owing to the electrostatic con-
tribution to the persistence length.
We studied furthermore the fluctuation of the chain
extension, δ. Theoretically, δ2 is related to the thermal
energy by 12keffδ
2 ∼ kBT where keff is the effective spring
constant obtained from the 2nd derivatives of the chain
free energy F 2,3. In the channel, the polymer forms a
1D blob chain. Hence, F is a sum of two terms: F =
N
gc
Fbl+Fbc, where Fbl is the free energy of a blob and Fbc
is the one of the blob chain. It leads δ2 = Ngc ∆ξ
2
c‖+∆R
2.
For NC chains, the constituted blobs are soft and the
fluctuations are mainly derived from the first term. The
predictions were obtained
δ2 ∼

N`2
1+A1(
`2
Nw2
)2ν−1
bulk,
N`2
1+A2(
`2
Dw )
2− 1
ν
de Gennes,
N`2 extended de Gennes,
N`5w
vexD
transition,
(4)
where A1 and A2 are factors. Fig. 4(a) presents the re-
sults of the simulations. For NC1, δ2 is roughly main-
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FIG. 4. Square of the fluctuation δ2 of Zext as a function of
D for (a) the NC chains and (b) the PE chains. The cyan
vertical lines demarcate the regime boundaries for NC1 (in
Panel (a)) and PEfl-I1 (in Panel (b)).
tained at a constant from the bulk to the extended de
Gennes regime. In the transition regime, it increases
slightly with decreasing D, which becomes more obvious
if the chain stiffness ka is increased. A similar fluctua-
tion behavior has been reported in literatures16, in the
region near D ∼ ` when `/w  1. These results are
consistent with the predictions of Eq. 4. For NC2 and
NC3, δ2 shows a smooth decrease, starting from a wider
channel region because both of the extended de Gennes
and transition regimes are shrunken.
It has been argued that δ2 scales as D2 in the Odijk
regime using the deflection chain theory3. We did see
this trend of behavior in the simulations. If the chain
enters the backfolding regime from the Odijk, the chain
segments are allowed to fold in the backward direction.
The size fluctuation increases significantly, which causes
the growth of δ2 faster than D2.
Fig. 4(b) shows the calculations for PE chains. δ2 de-
crease when the chain leaves the bulk regime. Due to
the strong electrostatic repulsion inside the blobs, the
dominated contribution comes from the term of the blob
chain ∆R2, which predicts δ2 ∼ N`2(Dw`2 )2−
1
ν in the de
Gennes regime. The scaling passes D0.33 and then ar-
rives D0.88, corresponding consistently to the Flory-de
Gennes regime with ν ' 0.6 and the electro-de Gennes
with ν ' 0.89, respectively. Below the two de Gennes
regimes, the interplay between the electrostatic interac-
tion and the excluded volume of segment renders δ2 a
decreasing function, which follows by a chute, and finally
shows D2-scaling in the Odijk regime.
We have expanded the scaling theory and performed
simulations to study polymers in different conditions of
confinement. Length scales such as the persistence length
and the chain width for neutral polymers, together with
the Debye length and the Bjerrum length for charged
chains, exert their influences by working with the chan-
nel width, which results in a variety of the scaling be-
haviors. When converting to real units, the newly pre-
dicted electro-de Gennes regime for flexible PE is ex-
pected to show in a channel of D between 2.5 and 25 nm
at I ' 5 mM. Increasing the chain stiffness and the ionic
strength shrinks the regime from the lower and the upper
boundaries, respectively. Since the persistence length of
dsDNA molecules is much larger than the upper bound-
ary, the regime is not anticipated to exhibit in dsDNA
confinement. To observe the regime, flexible PE such as
ssDNA or RNA should be used in experiments in a low
ionic strength condition.
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